It was shown that as a result of the interaction of part of the molecules with a wall, the viscosity in the Knudsen layer is lower in comparison with the viscosity in the bulk fluid. The slip condition of Maxwell depends on the normal gradient of the tangential velocity on the wall. The reduction of the viscosity increases the tangential velocity and its normal gradient, and, therefore, increases the slip. The correction factors for the Maxwell expression for one-dimensional plane and tubular isothermal and incompressible flows as a function of the Knudsen number and of the kind of interaction of molecules with the wall were derived.
I. INTRODUCTION
The characteristic length of the flow regions in the microelectromechanical systems ͑MEMS͒ is typically of the order of micrometers and larger. MEMS are often operated in gaseous environments at standard conditions. The molecular free path, , at these conditions is about 65 nm. The Knudsen number is defined as Kn= / L, where L is a characteristic length of the flow domain, and for small Knudsen numbers the flow velocity on boundaries is usually assumed to be zero. In MEMS the Knudsen number is not too small and the rarefaction should be taken into account, which is expressed in the slip velocity on the boundaries. The slip velocity is given by the Maxwell's slip ͑see Ref. where S is the slip coefficient and is a part of the incident molecules reflected diffusely from the wall, while the rest is reflected specularly. The flow regimes according to the Knudsen number can be classified as ͑see, for example, Beskok and Kamiadakis 2 ͒: Continuum flow, KnϽ 10 −3 , slip flow, 10 −3 Ͻ KnϽ 0.1, transition flow, 0.1Ͻ KnϽ 10 free molecular flow, 10Ͻ Kn. The gas flows in MEMS are usually in the slip or transition regimes.
Gaseous flow in microchannels was studied by Pfahler et al. 3 and the flow in microtubes by Choi et al. 4 Both reported a decrease in the friction factor for these types of flows, which is a result of the slip/transient flow regimes. Gaseous flow in two-dimensional microchannels was studied by Harley et al. 5 This investigation included analytical and experimental work. The authors demonstrated the existence of nonzero wall velocity in microchannels and showed the contribution of the nonzero slip to the mass-pressure relationship. Arkilic et al. 6 considered two-dimensional flow in long microchannels. The authors used Navier-Stokes equation, even for not too small Knudsen numbers, and derived an analytical solution for the nonlinear pressure distribution along the tube. It was demonstrated that both compressibility and rarefied effects are present in long microchannels. Their calculations predict accurately the results of their experiments, which have been carried out for very low Reynolds numbers. Lim et al. 7 used la attice Boltzmann method to solve the same problem of the flow in a long microchannel. The authors compared their results with the calculations of Arkilic et al., and obtained that the pressure distribution is similar to that of Arkilic et al., although their results are closer to the experimental data. Sharipov and Kalempa in their recent paper 8 calculated the slip coefficient from the Boltzmann equation for mixtures of three noble gases. They showed that for a mixture of a high ratio of the molecular masses the viscous slip coefficient differs significantly from that of a single gas. Cercignani 9 proposed a second-order slip model. Using the BGK approximation he obtained the coefficients in the two-term expansion of the Maxwell slip condition. The same result was obtained by Sone and Onishi. 10 Hadjiconstantinou 11 modified this model and obtained a good agreement with solutions of the Boltzmann equation. Ohwada et al. 12 considered flow of a rarefied gas between two parallel plates on the basis of the linearized Boltzmann equation.
In the present work the gas viscosity in the Knudsen layer was considered. As a result of the interaction of part of the molecules with a wall, the viscosity in the Knudsen layer is lower in comparison with the viscosity in the bulk flow. The reduction of the viscosity leads to an increase of the flow velocity and, therefore, an increase of the normal gradient of the tangential velocity on the wall. According to the Maxwell formula the slip velocity is proportional to the velocity gradient and, hence, the slip velocity increases as well. Finally, the correction factors for the Maxwell expression ͑1͒ for onedimensional plane and tubular isothermal and incompressible flows were derived.
II. VISCOSITY NEAR WALLS
The viscosity of the isothermal gas is assumed to be a constant and does not depend on coordinates. However, the interaction of gas molecules with a wall can change the viscosity near the walls. To show this, let us separate the flow domain in two regions: one, far from the walls, the bulk flow region; and the other, near walls, the Knudsen layer. Consider first the viscosity in the bulk flow. The standard procedure for calculating the viscosity of gases considers an imaginary plane at coordinate Y ͑see 
͑2͒
respectively, where v is the velocity of a molecule relative to the flow velocity, and n is the number concentration of molecules. The stress P zx on the imaginary plane is given by
The velocities can be presented in a series of powers of the small parameter, :
and the stress P YX now can be presented as
where viscosity is defined as
Consider now an imaginary plane at a distance Y from a wall smaller than the molecule free pass, , i.e., in the Knudsen layer ͑see Fig. 1͒ . The mean x component of the momentum transported per unit time per unit area across the plane in the upward direction is different than in the previous case because the molecules are coming now in the upward direction after hitting a wall and not from the bulk flow. The mean x component of molecule velocity depends on the interaction with the wall. Maxwell assumed that a fraction of the incident molecules is temporarily adsorbed by the surface and then reemitted in arbitrary directions, but with energy corresponding to the temperature of the wall, while a fraction 1− is reflected perfectly with the same velocity before hitting the wall. The fraction of all molecules reflects diffusely, while fraction 1 − reflects specularly. The mean velocity of molecules in the x direction after contact with the wall is zero for diffuse reflection and equal to the gas velocity at distance Y − from the wall in the case of specular reflection ͑see Fig. 1͒ . Consider first the case of diffusive reflection. The mean x component of momentum transported per unit time per unit area across the plane in the upward direction is zero, U x↑ = 0. The same procedure of calculating the stress, P YX , now yields
where the viscosity near the wall, w , is half of the bulk viscosity, :
In the case of specular reflection, the molecules after interaction with the wall are moving with the same velocity. At distance Y ജ/2 ͑see Fig. 1͒ , the molecule velocity is equal to the flow velocity at distance −2Y from the imaginary plane
or in the case of Y ഛ/ 2 it is equal at distance 2Y − , which means that in both cases there is the same expression from the velocity and it can be presented as in series of a small parameter, −2Y: 
͑11͒
while the velocity of molecules moving to the wall can be presented in a series as in Eq. ͑3͒ and in a similar way as in the previous case of the bulk viscosity the stress P YX can be presented as
where the viscosity near the wall ͑y ഛ͒ is given as
In the general case, when a part of the molecules is reflected diffusively and another one is reflected specularly, the viscosity can be presented as
͑14͒
Consider now two examples of isothermal, incompressible flows in a two-dimensional channel and in a tube.
III. ONE-DIMENSIONAL PLANE FLOW
Consider now an isothermal, incompressible flow between two infinite plates. Introduce the nondimensional variables and parameters as
In the case of two-dimensional plane flow at a distance higher than one molecular free pass ͑see Fig. 2͒ , the NavierStokes equations with the slip boundary conditions can be written as
where H is the distance between the plates and ͑⌬p / l X ͒ is the known constant pressure drop per unit length. In the case of the same viscosity in the whole domain,
In our case, of two regions with different viscosities in the wall region, the viscosity is given by Eq. ͑14͒, which yields the equation for the velocity, u 2 , in the wall region:
In the core region, the equation for the velocity, u 1 , is given by Eq. ͑16͒: The slip boundary conditions are
In the case of a one-dimensional plane and axisymmetric tube flows, the slip condition just adds a constant slip velocity to the nonslip solution.
In the simplest case of diffusive reflection only, = 1, the solution of Eqs. ͑16͒ and ͑18͒ with boundary conditions ͑19͒ is
where u w is calculated from the slip condition. For the one-dimensional channel flow, when the influence of the walls on viscosity is not taken into account:
and the slip velocity ͑in nondimensional form͒ becomes
On the other hand, the viscosity in the wall region is given by expressions ͑9͒ and the derivative of the velocity in the normal to the wall direction should be recalculated from the solution ͑21͒, which yields
In a general case of diffusion and specular reflection, the velocity derivative on the wall is now 
ͪ. ͑25͒
This expression simplifies to Eq. . ͑24͒ when =1. The slip velocity becomes
which in the case of diffusion reflection yields
͑27͒
Because for all known materials the value of is close to 1, the last expression can be used in all practical calculations. The slip velocity, when the change of viscosity in the Knudsen layer is taken into account, is higher by the coefficient K =1+2 Kn. For example, if Kn= 0.1, the slip velocity increases by 20%. The flow rate per unit with through the channel can be calculated as
This result can be compared with the experiments of Maurer et al. 13 for the flow of helium and nitrogen in microchannels. Their results agree with those of Arkilic et al., 14 and Aubert and Colin. 15 Maurer et al. present the experimental data for the slip factor, S: S = 1 + 6 Kn + 18 Kn 2 − 4 Kn 3 . ͑29͒
The first two terms are the same, as it is obtained from the solution with a slip condition ͑see Barber and Emerson 16 or Maurer et al. 13 ͒. The present theory adds two more terms of the second and third order of the Knudsen number as a result of the viscosity change.
In Fig. 3 the experimental data of Maurer et al. 13 are presented: disks for helium and triangles for nitrogen. As can be seen from the figure, the present theory fits very well the experiments in the range of low Knudsen numbers ͑up to 0.3͒. This is the range where the present theory is correct. For higher Knudsen numbers the interaction of molecules with the opposite wall should be taken into account as well. The present theory fits better the experiment than the nonslip solution with constant viscosity.
IV. GAS FLOW IN MICROTUBES
In the case of axisymmetric tubular flow, the effect is even higher, because the influence of walls on the tubular flow is more significant in comparison with the plane flow.
In the tubular flow the normal flow gradient on the wall is and the slip velocity is
In cylindrical coordinates in an axisymmetrical case, Eq. ͑18͒ in the wall region can be rewritten as
while in the bulk region the Navier-Stokes equation is
From these equations, in a similar way as in the plane case, the slip velocity can presented as
which in the case of diffusion reflection reduces to
The coefficient K =1+4 Kn−4 Kn 2 for tubular flows is higher than that for plane flows. For example, for Kn= 0.1 it is equal to 1.36, which means that the slip velocity is higher for 36% when the influence of the wall on viscosity is taken into account.
The plot of the coefficient K for both flows as a function of the Knudsen number is presented in Fig. 4 .
V. SUMMARY
The interaction of molecules with the wall leads to a reduction of the viscosity in the Knudsen layer. The reduction of viscosity leads to an increase in the flow gradient in the direction normal to the wall and, hence, to an increase of the slip velocity. Two simple illustrative examples, onedimensional plane and axisymmetric flows were considered. Although flows can be considered as continuum flows up to Knϳ 1, the present solution is valued up to Knϳ 0.1. The reason is that the viscosity term in the Navier-Stokes equation is obtained by a linear approximation of the velocity profile. When the length of the domain is comparable with the free flow pass, i.e., Knϳ 1, this approximation is not correct anymore. Anyway, the general tendency of the effect of the wall flow can be obtained from the presented model, and a significant increase of the slip velocity is expected. Lim et al., 7 who compared the Boltzmann equation solution with the Navier-Stokes solution of Arkilic et al., 6 obtained differences in the slip velocity. The reason for the difference can be that the slip condition in the solution of the NavierStokes equation did not take into account the effect of the wall viscosity. The results of the present theory are in good comparison with the experiments of Maurer et al., 13 Arkilic et al., 14 and Aubert and Colin. 15 The mean flow calculated from the present theory fits much better the experiments that were calculated from the solution of the flow with the slip condition without taking into account the influence of walls on viscosity in the Knudsen layer.
